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Abstract




–(|y′|p–2y′)′ = (p – 1)(κ2 – κpq1(x) – q0(x))|y|p–2y,
y(0) sin′p(α) + y′(0) sinp(α) = 0,
y(1) sin′p(β) + y′(1) sinp(β) = 0,
where p > 1, κ is a spectral parameter, α,β ∈ [0,πp], sinp(x) is the generalized sine
function and πp is the generalized π constant. We use a Prüfer substitution derived by
sinp(x) to ﬁnd the asymptotic expansions of the eigenvalues and nodal lengths.
Furthermore, we consider the inverse nodal problem and give the reconstruction
formulas for the boundary conditions α, β , and the energy functions q1, q0 by only
using the information of nodal data.
Keywords: inverse nodal problems; eigenparameter dependent energy functions
1 Introduction




–(|y′|p–y′)′ = (p – )(κ – κpq(x) – q(x))|y|p–y,
y() sin′p(α) + y′() sinp(α) = ,
y() sin′p(β) + y′() sinp(β) = .
()
Here, p > , κ is a spectral parameter and α,β ∈ [,πp] where πp and sinp(x) are deﬁned
below. The nodal points are unchanged when the spectral parameter κ shifts to κ +
∫ 
 q,
so we assume that q ≡  and
∫ 
 q =  without loss of generality. In this paper, we also
assume q ∈ C[, ] and q ∈ C[, ]. The p-Laplacian problems have attracted lots of
interests recently (cf. [–]).
In , Elbert [] (see also []) showed that the solution of the initial value problem
{
–(|y′|p–y′)′ = (p – )|y|p–y,
y() = , y′() = ,
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( – tp)/p dt, for ≤ ω ≤ .





( – tp)/p dt =
π/p
sin(π/p) .
Continuing sinp(x) symmetrically over x ∈ [πp/,πp] and anti-symmetrically outside









which is an analog of the Pythagorean trigonometric identity sin x + cos x = . Specially,
we call sinp(x) the generalized sine function. Furthermore, we may deﬁne the p-version
trigonometric functions by generalized cosine function sin′p(x), generalized tangent func-
tion tanp(x)≡ sinp(x)/ sin′p(x), and generalized cotangent function cotp(x)≡ sin′p(x)/ sinp(x).
For more related properties and results before , the reader can refer to a survey [].
Diﬀerential equations with nonlinear dependence on the spectral parameter and with
turning points arise in various problems of mathematics as well as in applications, for ex-
ample, non-Newtonian ﬂuids, reaction-diﬀusion problems, theory of superconductors,
biology, and so forth (see [–] and the references therein). In particular, the system
() with p =  is the problem of describing the interactions between colliding particles in
physics []. One is interested in collisions of two spinless particles, and it is supposed that
the s-wave scatteringmatrix and the s-wave binding energies are exactly known from colli-
sion experiments.With a radially static potentialQ(λ,x), the s-wave Schrödinger equation
is written as
–y′′ +Q(λ,x)y = λy,




The diﬀusion problem () with p =  has been widely studied [–]. In particular, Bu-
terin and Shieh [, ] derived the asymptotic expansion of nodal points of problem ()
with p =  and showed that α, β , q, and q can be uniquely determined and reconstructed
by any dense set of nodal points. Moreover, they also gave the reconstruction formulas of
α, β , q, and q. The work of Koyunbakan [] should also be mentioned. He considered
the inverse problem on the problem () with Dirichlet boundary conditions. But he only
gave the reconstruction formula for the energy q and the formula depends on the eigen-
values and nodal lengths. In this paper, we reconstruct the energy functions q, q and
the boundary conditions α, β . Moreover, the reconstruction formulas only depend on the
nodal points.
In this paper, we study the direct problem and inverse nodal problem of the p-Laplacian
operator with potentials depending on energy (). Using the modiﬁed Prüfer substitution
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derived by generalized sine function sinp, we will show that, for suﬃciently large N ∈ N,
the problem () has an eigenpair (κn, y(x,κn)) for |n| > N which owns the Sturm-Liouville
property. That is, the corresponding eigenfunction yn(x) ≡ y(x,κn) has |n| –  zeros {x(n)i }
in (, ) for |n| >N , which satisﬁes
 < x(n) < x
(n)
 < · · · < x(n)n– < x(n)n– < 
or
 < x(–n)– < x
(–n)
– < · · · < x(–n)–n+ < x(–n)–n+ < .
We will also derive the asymptotic expansion of eigenvalues and nodal points. Further-
more, we will solve the inverse nodal problem. That is, we will give the formulas of
α, β , q(x), and q(x) by using the information of nodal points. For x ∈ [, ], denote
j = jn(x) = max{i : x(n)i ≤ x}. The following are our main results.
Theorem . Let  < p < . The problem () can be reconstructed by the following formu-
las:





















if the limit exists.

















(p – )((n – )πp)p( – x(±n)±n–i –
i– 
n– ),
if the limit exists.
(iii) The functions q(x) and q(x) can be reconstructed by the following limits:






































 if x = ,
| cotp(x)|p– cotp(x) if x = , ()






n for α = ,β = ;
n –  for α = ,β = , or α = ,β = ;
n –  for α = ,β = .
()
In the following theorem, we consider the case of p ≥ . For p = , we obtain a similar
result of an inverse nodal problem for diﬀerential pencils [].
Theorem . Let p ≥ . Consider the problem () with Dirichlet boundary conditions.



























































The paper is organized as follows. The asymptotic expansions of eigenvalues and nodal
points are given in Section  and the proofs of our main results are divided into Sections 
and , respectively.
2 The asymptotic expansions of eigenvalues and nodal points
In this section, we will investigate the asymptotics of the eigenvalues and nodal points
of the problem (). We will show that the problem () has inﬁnitely many eigenpairs
(κn, y(x,κn)). In particular, limn→∞ κn =∞, limn→–∞ κn = –∞, and y(x,κn) has |n|– nodal
points in (, ) for suﬃciently large |n|. Then, by a modiﬁed Prüfer substitution, we will
derive the asymptotics of the eigenvalues and nodal points.
To achieve our goals, we ﬁrst introduce the Prüfer transformation derived by generalized
sine function sinp(x):
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Compared with the boundary conditions in (), θ satisﬁes the conditions
θ () =
{
mπp if α = ,
mπp – α if α > ,




nπp if β = ,
nπp – β if β > ,
for some n ∈ Z.
Now, if (κ , y) is an eigenpair of (), then, by integration by parts, we have











































The last equality is because














|y|p ≤ (κ + κ¯)‖y‖pp = p
∫ 







Hence, pminq(x) ≤ κ + κ¯ ≤ pmaxq(x) if κ ∈ C\R. In the following, we only consider
κ > p maxx∈[,] q(x) or κ <
p
 minx∈[,] q(x). This condition leads to that all eigenvalues are
real. By the following lemma, we can show that () has a sequence of eigenvalues {κn}|n|>N
for some suﬃciently large N ∈N with limn→∞ κn =∞, limn→–∞ κn = –∞, and
· · · < κ–n < · · · < κ–N– < κ–N <  < κN < κN+ < · · · < κn < · · · ,
and the corresponding eigenfunction yn(x) ≡ y(x,κn) has |n| –  zeros {x(n)i } in (, ) for
|n| >N , which satisﬁes
 < x(n) < x
(n)
 < · · · < x(n)n– < x(n)n– < 
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or
 < x(–n)– < x
(–n)
– < · · · < x(–n)–n+ < x(–n)–n+ < .
The argument of the proof of the following lemma is similar to [, ], so we omit the
proof.
Lemma . Assume q,q ∈ C[, ]. Then we have the following results.
(a) The function θ (·,κ) satisfying θ (,κ) = δ ∈ [,πp) is continuous. For
κ > p maxx∈[,] q(x), we ﬁnd θ (·,κ) is strictly increasing in κ .Moreover, for every
ﬁxed κ ∈R, if θ (xi,κ) = iπp for i ∈N, then θ (x,κ) > iπp for all x > xi.
(b) The function θ (·,κ) satisfying θ (,κ) = δ ∈ (–πp, ] is continuous. For
κ < p minx∈[,] q(x), we ﬁnd θ (·,κ) is strictly increasing in κ .Moreover, for every
ﬁxed κ ∈R, if θ (xi,κ) = iπp for –i ∈N, then θ (x,κ) < iπp for all x < xi.
(c) For any a ∈ (, ], limκ→∞ θ (a,κ) =∞ and limκ→–∞ θ (a,κ) = –∞.
Nest, we will use a modiﬁed Prüfer substitution to derive the asymptotic expansion of
eigenvalues and nodal points:
y(x) = R(x) sinp
(|κ| p ϑ(x,κ)) and y′(x) = |κ| p R(x) sin′p
(|κ| p ϑ(x,κ)). ()
By direct computation, we ﬁnd
ϑ ′(x,κ) = κ




(|κ| p ϑ(x,κ))∣∣p + ∣∣sin′p
(|κ| p ϑ(x,κ))∣∣p




(|κ| p ϑ(x,κ))∣∣p. ()
The following lemma can be referred to [], so we omit the proof.
Lemma . ([], p.) Deﬁne cotp(x)≡ sin′p(x)/ sinp(x). Then we have
(a) cotp is a decreasing function on ((n – )πp,nπp) for all n ∈ Z satisfying












p –  |x|






By the boundary conditions in (), the modiﬁed Prüfer substitution () and Lemma .,
we ﬁnd that, for suﬃciently large n ∈N,
(i) for α = , ϑ(,κn) = , and ϑ(,κ–n) = –nπp/|κ–n|

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ϑ(,κ–n) =













(ii) for β = , ϑ(,κn) = nπp/|κn|

p , and ϑ(,κ–n) = ; for β = ,
ϑ(,κn) =




































p for i = , , . . . ,n – ;n > ,
(n – i)πp/|κn|

p for i = –,–, . . . ,n + ;n < .
By integrating () from  to  with respect to x, we ﬁnd
















On the other hand, by ()-(), we have
































) for α = ,β = ;
()
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Finally, for n ∈ N and i = ±,±, . . . ,±(n – ), we may integrate () from  to x(n)i with






























and, for α = ,
x(±n)i =

































Similarly, by integrating from x(n)n–i to  with respect to x, we ﬁnd that, for β = ,





























and, for β = ,
 – x(±n)±n–i =

































In particular, we ﬁnd that the nodal length (n)i ≡ x(n)i+ – x(n)i satisﬁes, for n ∈ N and i =




































The next lemma is used to estimate order of the asymptotic expansion of nodal points.

































































































∣p = . ()













































































































































































































































































, for j = , .

By Lemma ., we can reformulate the asymptotic expansion of nodal points whose
leading term does not depend on κn.
Theorem . The nodal point satisﬁes one of the following formulas.

































































































(p – ) +Q
)




































































3 Reconstruction formulas for 1 < p < 2
In this section, we will derive the reconstruction formula for α, β , q, and q. Here, we
only consider the case for α =  on the nodal set {x(n)i }n>. The other cases are similar, so


































































) if the limit exists,
– limx(n)i →(p – )((n – )πp)
p(x(n)i –
i– 
n– ) if the limit exists.
Similarly, for x(n)n–i → , we have in →  and hence
 – x(n)n–i =
i – 
nαβ
































) if the limit exists,
limx(n)n–i→
(p – )((n – )πp)p( – x(n)n–i –
i– 
n– ) if the limit exists.
It should be mentioned that, once the values α, β are determined, the value nαβ can be
deﬁned by ().
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Next, to reconstruct the functions q and q, we ﬁrst derive the nodal length, which















































Because the sequence of intervals {[x(n)j ,x(n)j+) : n is suﬃciently large} shrinks to x nicely (cf.
Rudin [], p.), we conclude that nαβ
∫ x(n)j+
x(n)j
q(t)dt → q(x) a.e. x ∈ (, ). In particu-
lar, applying the Lebesgue dominated convergence theorem, nαβ
∫ x(n)j+
x(n)j
q(t)dt → q(x) in
L(, ). Hence









































































Then q(x) = f ′(x).
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Hence, we ﬁnd
























4 Reconstruction formulas for p ≥ 2
In this section, we only consider the Dirichlet case. First, we can obtain the result that the




























































To reconstruct the function q(x), we shall ﬁrst ﬁndQ. So, we need to reﬁne the estimate










































































= sinp(nπpx) + sin′p(nπpx)
[|κn|






p ϑ(x,κn) – nπpx
)

















































































p ϑ(,κn)) = sinp(|κn|

p ϑ(,κn)) = . Then we can reﬁne the estimate of
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